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A COMPUTER SIMULATION OF THE PARADOX OF VOTING*

Davio Kragr
Carnegie Institule of Technology

This paper presents estimates of the prob-
ability that the occurrence of the Paradox of
Voting,! commonly known as Arrow’s Parnsdox,
will prevent the selection of & majority issue
when odd-sized committees of m judges vote
upon 7 issues. The estimates, obtained through
computer simulation of the voting process,
indicate that the probability of such an intran-
sitive social ordering is lower than the ratio of
intransitive outcomes to all outeomes.

Many of the arguments in political theory
and welfare economics denling with the paradox
(e.r., Downs, 1957; Black, 1958; Schubert,
1960) seem to have implicitly assumed that
since the paradox exists, its likeithood of occur-
rence is very close to 1. The results in this paper
may call for a re-examination of these positions.

THE PARADOX OF VOTING

Consider a panel of three judges—I, II, and
[Il—voting upon three issues—A, B, and C.
Each judge ranks the issues in order of prefer-
ence. Throughout this discussion we will as-
sume that the following conditions hold:

Condition I. Tor each individual judge, the
preference relation is fransi-
tive.? That is, if a judge prefers
A to B and B to C, then he
prefers 4 to C.

Condition 11. For each individual judge, the
issues are strongly ordered:
indifference between issues is
not allowed.

* This investigation was made under n Fellow-
ship granted by the Ford Foundation. It was
started while I was » student of Morton Kamien,
I am indebted to him and to Otte Davis, Herbert
A. Simon and Roman Weil, Jr. for suggestions
and encouragement. I would like to express my
spprecistion o William H. Riker for his valuable
critique of an enrlier version of this paper.

1 The paradox wes discovered in the 18th Cen-
tury by Condoreet. A history of its rediscovery
and analysis is contained in Black (1058). An
extensive review and interpretation of recent de-
velapments is presented by Rilcer (1561).

2 By requiring the judges to rank order issues
we ensure transitivity for individuals. However,
there is much evidence {(Mey, 1954; Rose, 1957;
Edwards, 1953; Morrison, 1862; Quandt, 1956)

We will call the result of the voting by the
judges & social ordering of the issues 4, B, and
. The social ordering is determined by simple
majority voting between pairs of issues; i.e., i
X is preferred to ¥ by a majority of the three
judges, then X is preferred to Y in the social
ordering.

Figure 1 illustrates & possible voting situa-
tion. Each row indicates the ordering of the
issues by & judge. Thus, judge IT prefers B to 4,
A to C, snd B to C. In this voling pailern, a5 we
shall call it, A is preferred to B by s majority of
the judges, B is preferred to C by & majority of
the judges, and 4 is preferred to C by a major-
ity of the judges. Consequently, the resulting
social ordering of the issues, 4, B, and C is
transitive,

1 A B C
-11 B 4 C
II1 4 C B

Fic. 1. A voling pattern yielding » transitive
socinl ordering,

I A B C
II ¢ 4 B
I B C A

Fia. 2. A voting pattern yielding an intransi-
tive socisl ordering.

Now consider Figure 2 in this pattern, 4 is
preferred to B, and B is preferred to C by a
majority of the judges, but C is preferred to 4
by & majority. The resulting social ordering is
intransitive, As Riker (1961) says, ‘“This is the
paradox: that the summadion of transitive
preferences sometimes produces & gircular
{intransitive] result.” (p. 901)

This paradox may occur with m judges and n
issues whenever m and n are both greater than
2 We will add a third condition so that the

that if judges make peirwise choices rmong issues,
individual intransitivity often results. We ocan
account for individual intransitivity in part by
constructing a hypothetical “internal voting pro-
cess” for ench individual. Here the “judges”
would be various criteria slong which isyues eould
be ranked. Even if ordering slong & single criterion
iz tronsitive, the output that we observe may
yield intransitive individual preferences.
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strong ordering applies to the social ordering as
well as to individual orderings.

Condition III. Al issues in the soeial order-
ing are strongly ordered.

To ensure this condition, we will consider only
voting patierns where the number of judges, m,
is odd. This precludes a voiing pattern where
the sociz] ordering is indifferent between X and
¥;ie., where X is preferred to ¥ as oftenas ¥
is preferred to X.

I n, the number of issues, is greater than 3,
then we can classify the iniransitive social
orderings that may occur into two categories:

Type 1. In these social orderings there is an
intransitivity between at least 3 issues, but
there is still an issue that is preferred to all
others by a majority of the judges. Figure 3
shows & voting patiern that yields such a social
ordering.

I A B C D
II 4 O B C
I ¢ 4 D B

Fre. 3. Voting pattern for 3 judges and 4
issues yielding & Type I intransitive social
ordesing.

A is preferred to all other issues by a majority
of the judges, although the social ordering
among B, C, and D is intransitive

Type 2. In this type of intransitive social
ordering there is no issue that is preferred to all
others by a majority of the judges. Figure 4
illustrntes a voting pattern that yields a Type 2
intransitive social ordering: B is preferred to €
by two judges; € is preferred to A by two
judges, but A is preferred to B by two judges;
A, B, and ( are all preferred to D by two out of
three judges. Figure 2 also illustrates a Type 2
intransitivity.? (The rationale for this particu-
lar classification will be developed below. For
other purposes one might wish to categorize
intransitive patterns differently. For instance,

3 Tn set-theoretic terms:

I/ =universe of all social orderings

A =sot of all transitive social orderings

B =set of all intransitive social orderings

B =set of &ll Type 1 intransilive social crderings
B =set of £ll Type 2 intransitive social orderings

The following relations hold:

MNIB=U
AMNNB=¢
bxubﬁ = B
hiM\by=¢
for n=3: bi=¢, ba=8B
¢ =empty set.
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in Figure 4 all issues are preferred to D by a
majority of the judpges, thus D is the “majority
loser,” even though there is no majority win-
ner.)

I A ¢
II c B
111 B ¢ A D

B D
A D

Fra. 4. Voting pattern for 3 judges and 4
issues yielding o Type 2 intransitive social
ordering.

The existence of the paradox has concerned
political scientists and economists for many
years. There are two general views of the conse-
quences that follow from the fact that the sum-
mation of trensitive individual preferences may
result in intransitive socisl preferences. Eeono-
mists, sesrching for & mechanism whereby a
social welfare function can be derived from
individual utility functions, are concerned with
cecurrence of any intransitivity in the social
ordering. Thus, they are usually interested in
the frequency of oceurrence of either Type 1 or
Type 2 intransitive social orderings.

Political scientists, especially those dealing
with the theory of voting, are often congerned
with a voting procedure that will yield a sinple
most preferred issue. Riker (1961) says, “but
for the theory of voting one wishes to know not
the amount of possible inconsistency, but the
frequency with which inconsistency prevents
majority decision,” i.e., the frequency of Type
2 intransitive social ordering,

This research is directed toward the discov-
ery of & function P{m, n) that expresses the
probability of obtaining & Type 2 intransitiv-
ity, when m judges vote upon n issues under
conditions I through III. We will analyze vot-
ing patterns in which we assume that all of the
n! possible individual orderings are equally
likely to oecur. This assumption has two equiv-
alent interpretations: 1) All judges are equally
likely to have any one of the »! possible indi-
vidual preference orderings among n issues; 2)
We obtain the m judges by sampling rendomly
with replacement from a population of judges
uniformly distributed among the n! possible
individual orderings of n issues.

The first interpretation implies thai judges
are in fact indifferent among the » alternatives
and that when condition II requires a ranking,
all judges are equally likely to arrive at any of
the nl individual orderings. The second inter-
pretation does not require any individual {0 be
indifferent among the alternatives but requires
only that there be a uniform distribution of
potential judges over all possible preference
orderings. The latter interpretation, while
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somewhat more reslistic, does not escape the
criticisi that the equsally likely conditions
rarely obtain in sctual voting situntions. Fur-
thermore, as recently demonstzated by Riker
(1965), when the paradex is consciousty gener-
ated by the judges, then a priort caleulations
based upon any kind of assumed probability
distribution are inappropriate.? However, the
equally likely assumption prevides a great
apglytic simplification and so will be used
throughout this paper.

It is important to note that thisis an nssump-
tion that all possible tndividual orderings are
equally likely. This is not equivalent to, nor
does it imply that, ali social orderings (as de-
fined above) are equally likely. One of the main
points of this paper is the demonstiation that
equally likely individual orderings do not ag-
gregate to equally likely social orderings.

Several investigators have proposed expres-
sions that give the proportion of intransitive
spcial orderings to all possible social orderings.
We will call this proportion P(n}, since it is &
function of the number of issues under consid-
eration.

Dunean Black (1958} reviews Condorcet’s
investigation of the proportion of all intransi-
tivities (Type I or Type 2). For n=3 there are
only Type 2 intransitivities and Condorcet's
results are directly relevant to our discussion
The argument runs o8 follows:

There are
z-(3)

possible pairwise relations of n issues, ie, for

n#=3, the
3 31
K= (2) RETET

relations are ArB (4 has some relationship to
B}, ArC, and Br(. Each relationship is two-
valued; i.e.,, ArB could mean either “A is pre-
ferred to B” or “B is preferred to 4.7 A social
ordering consists of & selection of one value
from each of the K two-valued relationships.
Thus, there sre s possible social orderings,
where

nln— 1)

n nl
8w OF 2(2) = O — BT o 2

The number of social orderings that are transi-
tive for all n issues is n!. The number of intran-

{71 am indebted to Professor Riker for ealling
my sttention to his recent paper and for indicat-
ing its implieation for these assumptions.
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sitive social orderings is s—n!, and the propor-
tion of intransitive orderings is

s — nl o —miiz _ g

P(n) = =
s

in2—n) 1z

For
n=3, P(3)=(8-6)/8=1%.

Riker (1961), in discussing the frequency
with which intransitive soeial orderings prevent
majority decisions (i.e., Type 2 intransitivi-
ties), suggests a series for P(n) based upon
Condorcet’s argument. Some of Riker’s results
for P(n) are presented with ows in Figure 6.
Referring to his table, Riker says:

The main inference to be drewn from this
teble . . . is that the e priori expectotion of the
existenee of a majority decision, if it could be
calculated, would be quite small, st least for
n=>5 {p. 908.)

P{n) is the ratio of intransitive social order-
ings to all social orderings. However, it is equiv-
alent o the relative frequency or a priori ex-
pectation of intransitivities only if we assume
that all social orderings are equslly likely. But
this is a severe constraint to place upon the
outeome of the very proeess that is unde: inves-
tigation. The significance of the paradox rests
upon the relationship between the distribution
of individual orderings and the distribution of
the social orderings that result from their agpre-
gation. We can demonstrate that if individual
orderings are equally likely, then the sosinl
orderings generated by the pairwise majority
voting piocess are not equally likely. In partic-
ular, the intransitive social orderings are less
likely than the transitive orderings; hence the
probability of an intransitive social ordering,
P{m, n), is less than the ratic of intransitive
orderings to all orderings, P(n), for all n.

Riker snd Condorcet have shown that for
n=3, P(n)=% We will analyze the voting
patterns for 3 judges and 8 issues and show that
FP(m, n)=P(3, 3)=1/18. Black discovered this
in his unsuccessful attempt to find an expres-
ston for P(m, »), but does not indicate his
method. He assumes that P{m, n) will increase
rapidly with n:

It would be of interest to know in what fraction
of all the possible cases one motion [issue] is able
to get & simple majority against each of the others
as m and nvary. .. . If the genersl series conid be
discovered it would almost certainly show that for
a committee with a given number of members
[judges], the proportion of cases in which there is
no majority decision incremses rapidly with an
increase in the number of motions [issues} {(p. 51.)
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A judpge may order the n issues in n! different
ways. A vole consists of each of m judgzes select~
ing one of the n!orderings. Thus there are (n!)»
different voting patterns. For n=m=3 there
are 216 equally likely patierns. From these
patterns we obtain, through the simple major-
ity voting process, the s=2F=23=8 distinet
social orderings. Although 2 of these 8 orderings
vield intransitivities, the different social order-
ings are not equiprobable. Out of 216 patterns,
only 12 give rise to the two intransitive social
orderings. We ean demonstrate this as follows:

The only two general forms of 3 by 3 voting
patterns that yield an intransitivity are shown
in Figure 5.
FPGgR PO
RPQ QR
@R P R P

O

Fra. 5. General form of the two voting patterns
yielding intransitivity for 3 judges and 3 issues.

In each general pattern, the issues 4, B, and
can be assigned to the positions P, @, X in 31
different ways Thus there are 2X3!=12 pat-
terns that yield an intransitive social ordering.
P{3, 8} is 12/216~=1/18=.0555. ... A table
of the eight social orderings and their relative
frequencies for the 3 by 3 case is presented in
Appendix IT.

COMPUTER BIMULATION

The problems encountered in seeking an
analytic expressicn for P(m, n) are formidable.
Such an expression has as yet not been found.®
However, we can investigate some of the prop-
erties of P{m, n) by using a digital computer to
simulate the voting process. The computer can
provide us with empirical estimates of the
irequency of occurrence of various types of
voting patterns. A program has been written
that generates voting patterns and determines
whether or not they yield a majority issue in
the socizl ordering. (Appendix II1 contains s
description of the program.) The most straight-
forwerd approach is simply to generate and
evaluate each of the (nl)m distinct patterns for
various values of m and n. However, the num-
ber of patterns increases rapidly with m and n:
for m=n=3 there are 216 patterns; for m=5,
n=4 there are over 7 million patterns. If the
computer could generate and evaluste s thou-

& For an interesting analysis of some features of
P(m, n) see Nicholson {1965). He presents neces-
sary and sufficient conditions for intransitive
sociel orderings in the case of m judges and 3
issues.
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sand petterns per second, it would still take
over two hours for the 5 by 4 case.

Rather than enumerate all cases, we have
written a program that generates and evaluates
a random sample from the complete population
of (nh)= patterns With a sufficiently large
sample size, we can obtain good estimates of
the netual values of P{m, »). From a simple
statistical analysis {see Appendix I} we have
chosen to generate 10,000 patterns for each
estimate of P(m, n) for 3<n <6 and odd m,
3<m <7, In its present form, the propram
generates an n! by n table of permutations and
then samples randomly from this table to ob-
tain votes for each judge in every pattern.
Bampling from a table of permutations takes
tess time than generating the permutstions at
random for each individusl vote. Because s
table of 7! by 7 elements would exceed the
memory capacity of the computer, for n>6 we
would be forced to trade time for size and gen-
erate the permutations af random, ¥For larger
values of m, the running time exceeds 15 min-
utes per 10,000 votes, and we have chosen to
discontinue the runs, since it has become evi-
dent that this program is very costly for large
values of m.®

The enumerstive program was run for
P(3, 8) and P(3, 4). For the remaining cases in
Figure 6, the sampling program was run, gener-
ating 10,000 patterns for each pair of values for
m and n.

RESTLTS

Figure 6 shows estimates of P(m, n): the
probability of occurrence of an intransitive
social ordeting that prevents majority decision
when each of the n!individual preference order-
ings is equally likely to be chosen by esch of the
m judges. Riker’s results for P{n), the ratio of
Type 2 outcome to all outcomes, are shown in
the lest row for purposes of comparison. The
first two entries in the first row (m=38,n=38, 4)
are exach, having been computed by the enu-
merative program.” The remsining entries are

¢ A somewhat different trade-off between time
and space has been taken, at the cost of accuracy,
by Campbell and Tullock (1965). In an approach
quite similar to ours, they have writien a program
that gives estimates of P{m, n) for m up to 28
and n up to 17. Becnuse they sample only 1,000
patterns for most of their points, their estimates
are somewhat less accurate thaam ours; however,
their results indicate the generel shape of P(m, n}
for & wider renge of m and n than we have con-
sidered.

" For P(3, 8), 12 out of 218 cases are Type 2
intransitivities; for P(3, 4}, 1,536 out of 13,824
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Number of Issues (n)

3 i 5 6
Number 3 0555 - 11 16 2%

of 5 07 14 20 23 P (m, )
Judges 7 08 15 22 27

(m)

- 25 50 69 81 Pn)

Fra. 6. P{m, n): probability of obtaining an intransitive social ordering that prevents majority issue from
appearing, for m judges and n issues. P{n): ratio of intransitive social orderings that prevent majority
issue from appearing. (From Riker, 1961, Column 4, Table I, p. 309.)

estimates; there is at least a .85 probability
that they are within .01 of the true value of
P(m, n). (See Appendix I.)

DISCUSSION

The primary motivation for this study was
the attempt (still unsuceessful) to find an ana-
lytie expression for P(m, n). The resulis pre-
sented here provide s first step in exhibiting the
behavior of the funciion for small values of m
and n. In principle, the enumerative program
could find the exsct number of occurrences of
intransitivities for all m and n, or the sampling
prograin could compute estimates of P(m, n) to
any desired degree of sceuracy. The only limi-
tations are computer time and space. Perhaps
the most useful theoretical result comes from
the observation that for any n, the s different
intransitive social orderings are not equiprob-
able, and depend upon m. The correct analytic
expression for P(m, n) will have to reflect this
fact.

From a more pragmafic point of view, the
results demonstrate that under those circum-
stances where the equiprobable assumption is
tenable, nttempts at meaningful summations of
individual preferences are not doomed to al-
most certain fallure, but instead may often
{e.z., ot least four times out of five, for 3 judges
and 6 issues} be successful. For example, we can
apply these results to the problem of determin-
ing committee sizes and agenda. A committee
of 3 judges is three times as likely to reach an
impasse when they consider 5 issues as when
they consider 3 issues. However, increasing &
committee size from 3 members to 5 members
has a relatively small effect on the probability
of an intransitive socinl ordering.

cases are Type 2 intransitivities. The sempling
program produced P{3, 3) =.056, P(3, 4) =.116,
These resulis are within the estimated sampling
error.

For those cases where some other distribu-
tion of individual orderings is more appropri-
ate, the simulation program can be modified to
use the assumed distribution to generate voting
patterns. In this manner, we can obtain esti-
mates of the distribution of socinl orderings for
any given distribution of iadividual orderings.

APPENDIX I

DETERMINATION OF BAMPLE BIZE FOR
SAMPLING PROGRAM

The random generation of voting patterns is,
in effect, sampling with replacement from a
binomially-distributed population. Each item
in the population is a voting pattern. For each
pair of velues for m and n we estimate P, the
fraction of items in the population that yield
Type 2 intransitivities.

In & random sample of & patterns from a
population that hes an actual proportion P of
Type 2 intransitive social orderings, the esti-
mate of P, P* is approximately normally dis-
tributed with mean P and variance o°
=P(1--P)/N. We desire a .05 confidence level
that P* iz within .01 of P. That is, we want
Prob({P*—P| <.01) > .95 Thus we require
that 20 =.01
or

Then
e = 25 107"

P(1 — P)/N.

Solving for N,
N =F1 — P}y-4 10%

Since P is unknown, we consider the worst ease,
when P{1~P) is a maximum, 0 <P <1. This
oceurs at P = §; thus, the maximum value of N
required to obiain the desired confidence level
is

N = (1/4)-4-10¢ = 10,000.
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This is the sample size used throughout the
runs for the sampling program.

APPENDIX II

EVALUATION OF 3 BY 3
VOTING PATTERNS

From an enumeration of all 218 patterns
with 3 judges and 3 issues, we get the following
results:

Intiansi-  Number of

Soctal Ordering* tive? Occurences
ApB ApC BpC no 34
ApB ApC CpB no 34
AnB Cpd BpC yes 6
ApB CpA CpB 1o 34
BpA ApC BpC no 34
Bpd ApC CpB yes 6
BpA Cpd BpC no 34
BpA Cpd CpB na 34
216

Probability of Intrensitive Social Ordering

=12/216= 055555 « - -

* VpX =V is preferred to X by two or more
judges.

APPENDIX III
PROGRAM DESCRIPTION

The program was written in ALGOL-20, 2
dialect of ALGOL-60 (Naur, 1963), and run on
the CDC-21 computer at the Carnegie Institute
of Technology Computation Center. This is a
description of the sampling program. The
enumerative program is quite similar, and
the evaluation mechanism is identical. Both
programs are available upon requess.

For a given pair of values for m and n, (m, n
>3; m odd) the program generates and evalu-
ates 10,000 voting patterns. A count is main-
tained of the number of trensitive and intransi-
tive social orderings; the final output is the
relative frequency of intransitive social order-
ings (Type 2). Additional output, in the form of
typical voting patterns and their evaluation is
provided at every 500th pattern.

TFor ench pair of values m, n the program
executes three main phases: initislization,
generation and evaluation. During the initiali-
zation phase, & permutation array, H, is filled
with nll permutations of the first n integers.
The H array represents sil the possible order~
ings that & judge might put upon the n issues.
H has n! rows and # columns. For n=23, the
permutation array looks as follows:
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Column 1 2 3

1 I 2 3

2 1 3 2

Row 3 2 1 3
4 2 3 1

5 3 1 2

6 3 2 1

Once the initialization phase is complete, the
program generates and evaluates 10,000 voting
patterns.

A vote is represented by H and by V, the
vote vector. ¥V contains m elements. Each ele-
ment has an integer value between 1 and nl. A
vote is genersted by assigning a random inte-
ger, 1 £J <nl, to each of the m elements in V.
When V,=J, the vote of judge 7 ean be ob-
tained from row J in H.

For expmple, let m=5, n=3, If, alter the
generation of o vote, Vi=2, V=6, V=3,
V=2, Vs=1, then the voting pattern is:

I 1.8 2
II 3 21
IIT 2 1 3
IVv 2 3 1
VvV 1 2 3

Patterns are evslusted by o scan that
searches for an issue that is not preceded by
any other issue in more than half of the rows, If
there is such an issue, then it is the majority
issue and the voting pattern does not vield a
Type 2 intransitivity. If there is no such issue,
then the pattern yields a Type 2 intransitivity.

In the voting pattern above, issue 1 is tested
first. It is preceded by issue 2 in rows II, III,
and IV; thus, it is not the majority issue. Next
issue 2 is tested. It is preceded by 1 in only two
rows {I, V), and by 3 in only two rows (I, I},
hence it precedes all other issues in more than
half of the rows. Issue 2 is the majority issue
and the pattern yields a transitive social order-
ing.
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